Week Three

Alternative Representations of State Prices
Diversification and Asset Prices
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Valuation Based on Stochastic
Discount Factors (SDFs)

* m, = y/m, = state price per unit probability

= stochastic discount factor (SDF)
e {m,s=1,...,S} are arbitrary probabilities

e Treat {y/x, s = 1,...,S} as realizations of a
random variable

 N. B.: State prices and SDFs need not be unique =
all that follows holds for all marginal investor SDFs

 Valuation relation
* pi — Zs ﬂs Vis Ins — Eﬂ[vim]
* E[Rm|=2 7, R, m =1

° = (19 ] .,1)'; R; = V;/D.‘; R‘.Q = V;Q/ggpyright©Bruce N. Lehmann 1999-2007



SDFs and the Hansen-Jagannathan
Bound

* Consider population projection of an SDF on
unexpected returns from this asset menu
* m-E _(m) = Cov_(m,R)'Var(R)'[R-E (R)] + &,
e Var (m) = Cov_(m,R)'Var(R)!Cov (m,R)
+ Var(g,)

* Implications for the projection variance
« Var (m)=E_(m)?[E (R)-R]'Var(R)'[E (R)-iR/]
+ Var(g,)
* Var (m)>E (m)’[E (R)-R{]'Var(R)![E (R)—iR/]
> [E_(R)—R]'Var(R)'[E (R)-iR{]
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Stochastic Discount Factors and
the Efficient Frontier

» Recall projection of SDF on returns:
« m—E_(m) = Cov (m,R)Var(R)![R-E (R)] + ¢,
=_E (m) (R-[Ry) V'[R-R] + ¢,
=-E(m) (R,-Ryp BV [R-R] + &,

= Minimum variance hedge portfolio for m
* VI(R-iRy) = VIB(R, Ry = w(R,~Ry/c,’
= (0y?/ sz) [(R,—Ryp)/ (Ry-"R)IVHR-IRy)
¢ = (R-Ry) a2 = (Ry-Ry/ oy
e Costless maximum squared Sharpe ratio portfolio
e Mean and variance = [E_(R)-R] Var(R)"'[E (R)-R/]
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Stochastic Discount Factors and

Beta Pricing Models
* Project returns on m
* Ri — Uiy T ﬂimm T im> Eﬂ'[gl ] — Eﬂ[mgim] =0

* SDF covariance manipulations
* 1 =E,[Rm] = ¢, E [m] + 5 E [m’]
* = REa, A RE [M?] = ¢, =R{1-4E (m*)]
* Implications for projection
* Ri-R;= 4, [m—RE (m?)] + &,
* E (m?) =E_(m)*> + Var (m)
« >R, -Ry=p_[m—-E (m)-RiVar (m)] + &,
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Risk Premiums in the Beta Pricing
Formulation

* Expected excess returns
* EIR. - R =4 E {{m—-E (m)] - R;Var (m)}
= - R Var (m)
* Related SDF covariance manipulations
* E[RRm|]=E [R,]E_|m]+ Cov [R,m]|=1
« > E [R]= l—Covﬂ(R m) /E JAm]

* > E |[R —R{]|=—R; Covﬂ(Ri, m
=—f_ R,Var (m)

* —R/Var_(m) = price of m risk
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An Introduction to Risk Neutral

Probabilities

The (shadow) riskless rate

* pr=Ry!'=(14rp) ' =Xy,
Risk neutral probabilities

* {q=

W/ Zg W= w/pe= (141p) 3, s=1,....,S}

* q,>0
* 2 q,= 1

Risk neutral valuation of these assets

*Pi— Zs Ws 1S :pfzs (Ws/pf)vis
= (1419 2 qyvis = Eg[vi)/(1+1y)

* E ]

= expectation w.r.t. risk neutral measure
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Risk Neutral Probabilities with No
Riskless Asset

* Suppose N+15% asset has limited liability
* 1.e., Vnys > 0 Vs
* Use N+1% asset as the numeraire
* Pi* = DPPN+1 VisT = Vil VNt
« = N+15t asset 1s riskless 1n * numeraire
* LE, VNiis = Vil VNt = 1 V' 8
* Pnei T =1 = 1,=0 1n * numeraire with = 0
* Risk neutral pricing
* pi>x< - Zs l)”SviS* = Pi = Kzsqsvis; K= 2s l)”spNJrl/VNJrls

® qg — %pN-H / KVN-H < Copyright © Bruce N. Lehmann 1999-2007



The Change-of-Measure
Interpretation of SDF Pricing

* SDFs and risk neutral probabilities

* my = /= (141 w/[(1+rp) 7]
- (qs/ﬂ-s)/(l T rf) = gs/(l T rf)
* [

 Likelihood ratio for risk neutral vs. given probabilities

* Radon-Nikodym derivative of qw. r. t. 7
s El]=2nl,=2 m,q/m,=2,q,= 1

 Revised SDF valuation relation
° pi — Zs 7Z.s Vis [(qs/ﬂ-s)/(l + rf)]
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The Varieties of Martingales in
the Various Pricing Relations

* Martingales under 7
- E[l]-1=[Z 7 q/7]-1=2.q,—1=0
 [(1+ 1) Em)]—1=EJ(]—1=0
* E(Rm)-1=2 (rw/r)R~-1=%2 wR.-1=0
» Martingales under g
* B[R] (1+1)=0
* Transformed martingales
* Rex E (Rm)=E (R/) =2, 7, (q/7) R, = E [R{]
* Called Girsanov’s theorem 1n diffusion models
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Portfolio Choice and Pricing
Relevant States

* Suppose investor j holds portfolio @, of these
assets for some reason

s=1,...,5}

* = Payoff relevant states for this investor are

those elements of v o that differ

* 1.€., a coarser partition than original S states

+ Portfolio payoffs: v, = {v

.S 9
G)JS

* = Any economic theory that implies that
some 1nvestor holds a particular portfolio 1s a
theory of pricing relevant states
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Some Economics for Pricing
Relevant States

* Risk pooling
» Stochastic process for returns in this market
permit diversification

 Investors who hold any diversified portfolio in
this market are like investor |

* Risk sharing

e With similar and sufficiently independent budget
constraints, all investors can find 1t optimal to
hold particular portfolios because of:

« identical preferences

* ParthUIar return dlStI'lbllthIlS Copyright © Bruce N. Lehmann 1999-2007



An Abstract Definition of Pricing
Relevant States

* What 1s a pricing relevant state?
* Original state space {s=1,...,S}
 SDF: {m = y/x,s=1,...,S}

« A pricing relevant state consists of all states with
same state price per unit probability

* le., state m= {seS: y/7r,= v /7_}
= M pricing relevant states {m=1,...,.M}

* Partition S states into M groups with S_ states in
each group such that X S =S
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Indicators of the Payofi/Pricing
Relevant State Distinction

 Indicators of events in S and M
1 _ = 1indicator of event meM
* = yY(1,)=price of claim that pays $1 if m occurs
1. =1ndicator of event seS
* .= yY(1,) = price of claim that pays $1 if s occurs
* Indicators of events in S_

* lg=1,1,= 1,1 _=Iindicator of event mseS,

* Yms = WU, 10) = Wl 1 ) = price of claim that pays
$1 if both m and seS_, occur
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Bayes’ Rule and Probabilities and
Pricing on Payoif Relevant States

* Bayes’ rule and probabilities of payoff and
pricing relevant states
* Tns = Tsim

 Bayes’ rule and pricing on payoff relevant
states seS_

 Assertion that claims ms, seS_ are priced risk-
neutrally given that state m occurs

* Wms/ Tens— Wm/ Ttn = Wms/ (7Z-S|m7z-m) - Wm/ lm
— Whns = sim Y
* = Vs W(l 1seS)_ W(l 1seS )
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Implications of Pricing/Payoff
Relevant State Distinction

* Implicit assertion: Claims ms, seS_, that:
* Investors view as perfect substitutes
» Claims ms provide same insurance, i.e., hedges

 should therefore sell for same price adjusted for
probability of occurrence of substate ms

* ms is idiosyncratic risk that should be unpriced
* = risk-neutral price given that state m occurs
= returns within pricing relevant states are
perfect substitutes empirically

* Pooling within-state data serves to refine state
price density estimates 1n that stag@ght © Bruce N. Lehmann 1999-2007



Example: The Pricing of Pure
Endowment Insurance

* Suppose the asset menu consists of:
 Pure discount bonds of all maturities

« What 1s called by actuaries t-period pure
endowment insurance: a claim that pays $1 if
the 1nsured 1s alive at date t and zero otherwise

 This is a digital option written on life expectancy

* anon-price state variable

» pure Arrow-Debreu mortality claim = bull spread in
digital options struck at mortality dates t and t+1

* pays $1 if the insured dies between t and t+1 and zero
otherwise =

e How should pure endowmentsbenmeed Ziman 1999-2007



Example: The Pricing of Pure
Endowment Insurance, Continued

* Let w,(1., ) denote the price of a claim that
pays $1 if insured lives at least t periods

*T” < T is the date of death of individual i

« Price of a claim that pays $1 if individual
dies in year t and zero otherwise 1s:

Vi (IT/ :t) =¥ (IT/Zt) 4 (IT/ZHI)
 What if endowments priced risk neutrally
independent of stochastic interest rates?

1
V0l = ROBl o | ] = o Bl 5
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Example: The Pricing of Pure
Endowment Insurance, Continued

* Pure mortality contingent claim prices under
risk neutral pricing of mortality risk

° Wi(lT/:t) — Wi(lT/Zt) - wi(lT/ZtH)

= B,(OE[L,._ | 5]~ P(t+DE . | 7]

T//2t+1

* Payoff vs. pricing relevant states

» Payoff relevant states are possible future paths of
interest rates

e Actuarially fairr endowment insurance pricing
means payoff relevant states associated with

mortality contingent claims priced risk neutrally
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Some Arithmetic for Aggregate
Wealth

* The market portfolio of all risky assets

1

* Portfolio weights: w

* MV, =# of shares of 1 outstanding x P,
« MV =2.MV.

* Suppose market cannot die
* i.e.,, Pr(R, =0)=0=>R _>0Vs
* = m optimal for some risk averse investor

« Limited liability 1s sufficient but not necessary
¢ ie,PrR=0V)=0=R. >0Vis

« precludes joint normality
Copyright © Bruce N. Lehmann 1999-2007



Pricing Relevant States and Mean-

Variance Efficiency

Let m be efficient orthogonal partner of

* ERi—Rp =L ER,—Rp =4,

* = Ri—R;=f (R, =Ry + &; E[&(R,—Ry] =0

Pricing relevant states: {R__, ms=1,..., M}

* = Zs 7t (Ris_Rf) - lgllm — Z:s 7t [Ris(Rms_Rm)] ﬂ’m

* = Zs 7t I{is[1 B ﬂ“m(:ims_ 7zm)] - Rf
=>m, = y/x, = [1-4 (R —R,.)/Rs1s SDF
1tf [l_ﬂ“m(R'ms_Rm): >0

* = (= 7 [l_ﬂ“m(Rms_Rm)]

° l//ms — 7z-s|m Wm as before Copyright © Bruce N. Lehmann 1999-2007




The Payoff/Pricing Relevant
Distinction and Asset Menus

* As asset menu expands (1.e, as N grows):

* Payoff relevant state space (i.e., S) grows

 Magnitudes of stochastic discount factors and state
prices generally change

* Pricing relevant state space unchanged 1if
additional assets priced on these states

* 1.e., M remains constant V is. t. w(v;) = yy(v))

= Elementary contingent claims written on
the pricing relevant state space are implicit
building blocks of prices of all such assets
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Payoff and Pricing Relevance 1n a
Simple Factor Pricing Model

* Suppose each firm payoff is given by:
* Vi=vnt & Elglv,] =0
* Suppose & 1s Rothschild-Stiglitz noise:
* 18, YE) = Lpg s Winsbis = Zm Wi Zses, TymSis — U

* = Investors want to eliminate & risk from their
portfolios 1f their utilities are independent of &

* Then & 1s unpriced by assumption and the
price of this asset 1s given by:

* =P~ W(Vi) — Zmzs eS; Wns [Vm_l_ gis]
- 2m Y Vm—l_ 2 = &

7T . \ %
seS; “'sm©1s  EGPPight® Brdke N. Lehmann 1999-2007



Diversification in the Simple
Factor Pricing Model

* Now suppose €. 1s 1diosyncratic to asset 1
* E[&?vy] = 02 < & E[g[v,] = 0 V i7
* = & 1s diversifiable by WLLN:
¢ 2. w?—>0=2% weg — 0since o(w)’<Z. w?2o>—0
* If the utility functions of investors:

e are independent of pricing irrelevant & risk,
diversification lets them eliminate it in the limit

» depend on g risk, they will want to be long more
of 1 1f marginal utility 1s decreasing 1n it and long

less or short if marginal utility 1s increasing in &
Copyright © Bruce N. Lehmann1999-2007



Large Asset Menus and
Mean/Variance Analysis

N indexes number of assets in Ry, Ry, Vy

Efficient set parameters same as in Roll

e ay =Ry VN Ry by =Ry Vi ne o= W Vy iy
Minimum variance portfolio parameters

* Ron= by/Cn; Ogn? =1/cy; Won = Vv i/

Maximum squared Sharpe ratio portfolio
parameters
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The Minimum Variance Portfolio
and the Absence of Arbitrage

* Theorem: limy_, ay— by Ry <®©
* Proof:
* XN = bn(Won— Won)
* X\'1=0; Ry = o® = ay — by R
* XN+ = X/ (an — by Ron)
* Ranvs = L) o = (ay — by Ron)™
o limy ,(axy—byRon) >0 = limy_, ay-byR o<
« Simply second order condition for unique

solution to minimum variance program

* 1.€., nonuniqueness = multiple riskless rates
Copyright © Bruce N. Lehmann 1999-2007



The Limiting Behavior of o;?

 Two cases
* Cy D 0= gy’ — 0
* 1.¢., minimum variance portfolio 1s riskless
* Ny C, <= g’ —>c, >0

* Theorem: Consider sequence |Vy| > 0. Then
there 1s no riskless portfolio of risky assets 1t

Joy#0 V Ns. t.:
* V= iy o+ Qns |Qn| =0

e Intuition: Cannot eliminate equicorrelated component

but can eliminate « risk if loadings differ from unity
Copyright © Bruce N. Lehmann 1999-2007



The Limiting Behavior of o2,
Continued

Proof: Recall wy, = Vy'n/cy and consider
population projection of Ry on Ry
* Ry = oyt [Cov(Ry,Ron)/ opn’] Ron + on
=&+ Vi V! iy (Gon* 0gn) Ron + &y
= on T Ry Tt &n
« = V=i o>+ Q0 On=El&nén'] 1202 0
* i.e., decomposition always exists with o> = o’
e 1i 2 — 2
hmy ., on* > 0 = w ' Vywy = a* + wy' QW
> o> > 0V wy
e |1 2 — i 2 —
limy ., =0 = limy_,, opn* =0
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The Limiting Efficient Frontier
with a Limiting Riskless Asset

* Limiting second order condition:
e cy— and ay-—byRyy = k <0 = ay/cy > Ron?

* Limiting behavior of frontier variances
* GpNz = (aN_ZbNRp—I_CNsz)/ (anen—by?)
= [Ron* 2R, RontR,7 )/ (an—byRon)
— (Rp_RON)z/ (an—bnRon)
— (R,~Rp*(ab,Ry)

« Limiting zero beta portfolio behavior:
* Ron= (an—byRp)/(by—nR,)
= (Ron*"RownRp)/ (Ron—R,,) = Ry
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Linear Factor Pricing Models and
Diversification

 Linear factor model for returns
» Ry=R\+By6+8; B(&)=E(88,)=0; O=E[&4&']
* Assume & 1s diversifiable risk
e limy & .. (Q) <oo (1.e., a WLLN holds)

« & ..(*) =largest eigenvalue of its argument

max

° Well—dwermﬁed portfohos
* Rpn= WPN’R By O+ W' &y
* limy 0, > = Var(wpy'&y) = limy_,,, Wp\'QuWpy

EpN
. / —
< limy,,, WpN'WpN Smax($2x) = 0
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The Intuition Behind the
Arbitrage Pricing Theory (APT)

All well-diversified portfolios have linearly

dependent returns 1n the limait

o lmy, [Rp—Ry] = limy [ 5, otwpy S = 5,0
— at most K imperfectly correlated well-
diversified portfolios

Linearly dependent portfolio returns

—> collinear expected returns
* limy _)OORPN R, 0= limy_, Ry = Aotp, A

— (sort of) collinear expected individual
asset returns
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Costless Zero Factor Beta
Portfolios

* Consider population GLS projection of
expected returns R.on 1 and J3,
* Ri=ton T A ont o o'Qy 1= 0
o' Q' By=0
« = Q. loy is a zero net investment, zero factor
risk portfolio

* Scaling by (o' o) ! preserves zero cost
and factor risk nature of portfolio
e ie., zy = (/) ' Qe is a zero net

investment, zero factor risk portfolio
Copyright © Bruce N. Lehmann 1999-2007



The Arbitrage Pricing Theory

* Moments of zy payoff
* R, = (o' o) T Q'R
= (o ') (e Q) = 1
* 0,7 = Var[(aN’QN'1aN)'laN’QSN'IR]
= Var[(a'Qn o) o' Q' &4
= (o' Q)
+ = 7z/R is an arbitrage unless o' Q! oy < ©
* 2> Ri= oy T H' 1y
e 1.e., expected returns of assets 1n menu are
linearly dependent 1n the limit in an &, o sense

e WIT Q vercion houinde ~ A ~ Y | Aopysighf © Bruce N. Lehmann 1999-2007



The Arithmetic of Factor Risk
Premiums and Factor Pricing

* Let pN be an arbitrary efficient portfolio
» Asset betas with respect to pN
* Bin = Vawn/opn = [B V(5 )By +Q NJW pN/ TN’
= By 7,/ GpN2‘|‘QNWpN/ GpN . 7/pN—V(5 By WoN
* Factor risk premiums
* 7zi — 7zpzN T IBII’)N (Rp_RpZN)
— 7?“pZN T IBI I pN (Rp_szN)/ GpNz
+ Q’NWPN (R,"R,,) O'pN
— 7?“pzN T 181 ) pN (R _R )/ GpN 1pN

e zN 1s orthogonal partner of (i.e., zero beta portfolio
WI't) pN Copyright © Bruce N. Lehmann 1999-2007



Diversiftication and Factor Risk
Premiums

* Pricing errors and the efficient frontier slope
* de’QN'l apN — [(Rp_RpZN)Z/ CSpN4]
X W QO QW
- [(Rp_RpZN)Z/ GpN4]WpN’QNWpN

- [(Rp_szN)z/ GpNz] [ 1_1{pN52]

y r = 2.2
* 1-R N5 = Won' W/ Won VNWpN = O, /O

« = There 1s exact factor pricing 1ff 4 a
limiting well-diversified efficient portfolio p

» limy,,, 0, > < limy_,,, W' Won Gmax(€2y) = 0 iff

EpN

p 1s well-diversified
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Factor Risk Premiums and the
Limiting Efficient Frontier

* Factor pricing with a limiting riskless asset
. szN —> Re= 190 = Ry
= o~ %H(R,~Ry/0,?
¢ 1.c., YoN = V(éN'X)BN’pr—> %
* Factor pricing when o,* > ¢,> > 0
* Set Wy =Wy = Vi Ry (o' V'R
* Maximum squared Sharpe ratio portfolio

* = 7,y = 0 = zero beta rate of portfolio §
* Ty = VYo Ra/Oon = Ty = YR 0

* 1.e., Yo = V(éN)BN’WSN —>7s
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Why Factor Pricing Models Are
Economically Important

 Two distinct notions of nonsystematic or
1d1osyncratic risk
* Risk for which investors receive no premium

e Risk that can be eliminated via diversification

* Investors and investment textbooks (but not
necessarily all finance professors) have
strong priors that diversifiable risk can be
identified and is ‘not priced’

 If true, linear asset pricing models must be
based on Well-diverSiﬁed portggg)]rngéBruce N. Lehmann 1999-2007
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